Abstract. Let S be a reduced scheme and let f : X → S and g : Y → S be faithfully flat morphisms locally of finite presentation with reduced and connected maximal geometric fibers. We discuss the canonical maps
Introduction
In this paper a k-variety, where k is a field, is a geometrically integral k-scheme of finite type.
Let k be a field and let X be a k-variety. If k has characteristic 0 and k is an algebraic closure of k, Borovoi and van Hamel introduced in [BvH09] the "extended Picard complex of X over k", denoted UPic(X ) = UPic(X × k k ), and used it to investigate a certain "elementary obstruction" for k-torsors X under G, where G is a smooth and connected linear algebraic k-group. The object UPic(X ) is a complex of Galois modules of length 2 whose zero-th cohomology is U k (X ) = k[X] * /k * and first cohomology is Pic X. The elementary obstruction alluded to above is a class e(X) ∈ Ext 1 (UPic(X ), G m,k ) ≃ H above question (elsewhere), we need to generalize the definition of UPic(X ) to an arbitrary base scheme and establish an analog of the additivity lemma (1.1) UPic(X × k Y ) ≃ UPic(X ) ⊕ UPic(Y ) [BvH09, Lemma 5.1] , where X and Y are smooth k-varieties and Y is rational. Via [San81, Lemma 6 .4], (1.1) is the key to connecting the Borovoi-van Hamel elementary obstruction e(X) to the abelian cohomology group H 1 ab (k, G). The proof of (1.1) combines Rosenlicht's additivity theorem U k (X × k Y ) ≃ U k (X ) ⊕ U k (Y ) [Ros, Theorem 2] and a lemma of Colliot-Thélène and Sansuc [CTS77, Lemma 11, p. 188] which states that Pic(X × k Y ) ≃ Pic X ⊕ Pic Y if X and Y are smooth k-varieties and Y is rational.
Thus in this paper we are concerned with generalizing the indicated additivity statements of Rosenlicht and Colliot-Thélène-Sansuc. Our generalizations yield statements that we believe are of independent interest (e.g., Corollaries 1.2 and 1.4 below), as well as the generalizations of UPic(X ) and (1.1) alluded to above (these can be found in [GA2, §3 and Proposition 4.4] , respectively). They also yield the applications to the Brauer group discussed in [GA2] .
We now observe that Rosenlicht's theorem (suitably extended) is equivalent to the following statement due to Conrad [Con] : if X and Y are geometrically connected and geometrically reduced schemes locally of finite type over a field k, then there exists a canonical exact sequence of abelian groups
In particular, every unit on X × k Y is a product of pullbacks of a unit on X and a unit on Y . The generalized Rosenlicht additivity theorem established in this paper (see Corollary 4.3 below) yields the following generalization of Conrad's statement:
Theorem 1.1. (= Corollary 4.5) Let S be a reduced scheme and let f : X → S and g : Y → S be faithfully flat morphisms locally of finite presentation with reduced and connected maximal geometric fibers. Assume that f × S g : X × S Y → S has ań etale quasi-section (e.g., is smooth). Then there exists a canonical exact sequence of abelian groups
where Picf : Pic S → Pic X and Pic g : Pic S → Pic Y are the canonical maps and the intersection takes place inside Pic S.
To state the following corollary of the theorem, we need a definition. If f : X → S is a morphism of schemes, theétale index I(f ) of f is the greatest common divisor of the degrees of all finite andétale quasi-sections of f of constant degree, if any exist. Note that I(f ) is defined (and is equal to 1) if f has a section. Further, if I(f ) is defined, then it annihilates the subgroup KerPic f of Pic S. Theorem 1.1 and work of Tamagawa [Tam] yield the following statement. Corollary 1.2. Let S be a smooth, affine and geometrically connected curve over a finite field and let f : X → S and g : Y → S be smooth and surjective morphisms with geometrically irreducible generic fibers. Then h S = |Pic S | is finite and both I(f ) and I(f ) are defined. Assume that gcd(I(f ), I(f ), h S ) = 1. Then every unit on X × S Y is a product of pullbacks of a unit on X and a unit on Y .
If S = Spec k, where k is a field, the canonical map Pic X ⊕ Pic Y → Pic(X × S Y ) was discussed by Ischebeck [Isch, §1] , Colliot-Thélène and Sansuc [CTS77, Lemma 11, p. 188] and Sansuc [San81, Lemma 6.6(i), p. 40] . Over a more general base scheme S, we obtain Theorem 1.3. (= Corollary 5.14) Let S be a locally noetherian normal scheme and let f : X → S and g : Y → S be faithfully flat morphisms locally of finite type. Assume that (i) X, Y and X × S Y are locally factorial, (ii) for every point s ∈ S of codimension ≤ 1, the fibers X s and Y s are geometrically integral, (iii) theétale index I(f × S g) is defined and is equal to 1, and
for every maximal point η of S, where Γ (η) = Gal(k(η) s /k(η)).
Then there exists a canonical exact sequence of abelian groups
We remark that hypothesis (iv) of the theorem holds in many cases of interest, e.g., if either X s η or Y s η is rational or if X η and Y η are smooth and projective and there exist no nonzero k(η)-homomorphisms between their corresponding Picard varieties. See Examples 5.9 and 5.12 below.
We now observe the following corollary of the theorem and of the preceding remark.
Corollary 1.4. Let S be a connected Dedekind scheme with function field K and let G and H be smooth S-group schemes with connected fibers. Assume that one of the following conditions holds:
(i) either G K or H K is rational over a separable closure of K (e.g., reductive), or (ii) G K and H K are abelian varieties such that Hom K (G K , H K ) = 0. Then there exists a canonical exact sequence of abelian groups
In particular, every line bundle on G× S H is isomorphic to a product of pullbacks of a line bundle on G and a line bundle on H.
The paper is organized as follows. In the preliminary Section 2 we introduce the (étale) sheaf of relative units U X/S and collect several basic facts about this and other objects. The (unavoidably) technical Section 3 relates theétale cohomology groups of the multiplicative group scheme of a product to the corresponding objects for each of the factors, introducing in particular a number of functors to be discussed later in the paper. In Section 4 we prove the generalized Rosenlicht additivity theorem. The proof of the key particular case of this theorem, namely Theorem 4.2, relies on the exactness of Conrad's sequence (1.2) and on a density argument of Raynaud. In Section 5 we discuss the Picard group, using as a key ingredient a result of Raynaud that determines conditions under which a generically trivial invertible sheaf on an S-scheme X is the pullback of an invertible sheaf on S (see Proposition 5.2).
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Preliminaries
If A is an object of a category, the identity morphism of A will be denoted by 1 A . The category of abelian groups will be denoted by Ab. An exact and commutative diagram in an abelian category is a commutative diagram with exact rows and columns.
The following lemma will be applied several times in this paper.
Lemma 2.1. If f and g are morphisms in an abelian category A such that g •f is defined, then there exists a canonical exact sequence in A
Proof. See, for example, [BP, Hilfssatz 5.5.2, p. 45] .
Let S be a scheme. If S is clear from the context and X is an S-scheme, X× S T will be denoted by X T . If f : X → Y is an S-morphism of schemes, we will write f T for the T -morphism of schemes f × S 1 T : X T → Y T . If h : Z → G m, S is a morphism of Sschemes, we will write h −1 for the composition of h with the inversion automorphism of G m, S .
Consider the following diagram in the category of schemes
commutes (the unlabeled maps above are projections onto first factors). We also need to recall that, if G is an S-group scheme and Z → T → S are morphisms of schemes, then there exists a canonical isomorphism of abelian groups
where on the left Z is regarded as a T -scheme via Z → T and, on the right, Z is regarded as an S-scheme via the composition Z → T → S. If T → S is a morphism of schemes, we will make the identification
. Now let Sé t denote the smallétale site over S. The category of abelian sheaves on Sé t will be denoted by S
for anyétale morphism Z → T , where, on the right, Z is regarded as an S-scheme via the composite morphism
See, e.g., [T, p. 89] . If G is an S-group scheme, then (2.2) and (2.4) yield the following equality in T
If k is a field, we will write k s for a fixed separable algebraic closure of k and Γ = Gal(k s /k) for the corresponding absolute Galois group. If S is a scheme and η is a maximal point of S, we will write Γ (η) = Gal(k(η) s /k). Let k be a field and let X be a k-scheme such that X(k ′ ) = ∅ for some finite subextension k ′ /k of k s /k. This is the case, for example, if X is geometrically reduced and locally of finite type over k (see [Liu, §3.2, Proposition 2.20, p. 93] for the finite type case and note that the more general case can be obtained by applying the indicated reference to a nonempty open affine subscheme of X).
If X is as above, the separable index of X over k is the integer (2.6)
Recall that, if X is a topological space, the maximal points of X are the generic points of the irreducible components of X. If f : X → S is a morphism of schemes, a maximal fiber of f is a fiber of f over a maximal point of S.
Lemma 2.2. Let f : X → S and g : T → S be morphisms of schemes. If g is faithfully flat and locally of finite presentation, then the maximal fibers of f T : X T → T are geometrically connected (respectively, geometrically reduced) if, and only if, the maximal fibers of f are geometrically connected (respectively, geometrically reduced).
Proof. By [EGA, IV 2 , Theorem 2.4.6] , g is open. Thus, by [EGA, IV 1 , Corollary 1.10.4 and its proof], g induces a surjection from the set of maximal points of T to the set of maximal points of S. Now, if η is a maximal point of S and η ′ is a maximal point of T lying over η, then X η × η η ′ = X T × T η ′ , whence the lemma follows.
Recall that a morphism of schemes f : X → S is called schematically dominant if the canonical homomorphism f # : O S → f * O X of Zariski sheaves on S is injective [EGA I new , §5.4] . For example, if S is reduced and f : X → S is dominant (e.g., S = Spec k, where k is a field), then f is schematically dominant [EGA I new , Proposition 5.4.3, p. 284] .
Lemma 2.3. The following holds.
(i) A faithfully flat morphism is schematically dominant.
(ii) If f : X → S is schematically dominant and T → S is flat and locally of finite presentation, then f T : X T → T is schematically dominant. (iii) If f : X → S has a section, then f is schematically dominant.
Proof. For (i), see, e.g., [Pic, Proposition 52, p. 10] . For (ii), see [EGA, IV 3 , Theorem 11.10.5(ii) ]. To prove (iii), let σ : S → X be a section (i.e., right inverse) of f . Then
Let f : X → S be a morphism of schemes and let
be the canonical morphism of abelian sheaves on Sé t induced by f . Thus, if
If we identify Hom X (X T , G m,X ) and Hom T (X T , G m,T ) via the isomorphism (2.1), then f ♭ (T ) is identified with the homomorphism
→ S be morphisms of schemes. We will make the identification
In particular, if f has a section σ : S → X, then (2.10)
We now introduce theétale sheaf of relative units on S:
Lemma 2.4. Let f : X → S be a schematically dominant morphism of schemes. Then f ♭ is an injective morphism of abelian sheaves on Sé t . Consequently,
is an exact sequence ofétale sheaves on S.
Proof. We observe that, if T → S is flat and locally of finite presentation and f is schematically dominant, then, by Lemma 2.3(ii), f T :
) is injective. Via the identifications (2.3), the latter map is identified with f ♭ (T ), which completes the proof.
Lemma 2.5. Let f : X → S be a morphism of schemes and let g :
Proof. Let Z → T be anétale morphism. By (2.2), (2.4) and the identifications
, whence the lemma follows. If f : X → S is schematically dominant and T → S isétale then, by Lemma 2.4, the sequence ofétale sheaves on T
by Lemma 2.5, (2.2) and the preceding sequence induce an exact sequence of abelian groups
where the last homomorphism is the map H 1 (f ♭ T ). We will write (2.14)
U S (X ) = U X/S (S).
A comment on notation is in order. By (3.3) and (3.14) below, the canonical map Picf : Pic S → Pic X factors as Pic S
Thus (2.13) yields an exact sequence
It follows that the group U S (X ) (2.14) coincides with the group that is usually denoted by Pic Φ(f ) in the classical literature (see, e.g., [BM, p. 22] , [Isch, p. 148] ). If f : X → S is a morphism which has a section, then f is schematically dominant by Lemma 2.3(iii) and the preceding discussion applies to f . In this case (2.12) is, in fact, a (non-canonically) split exact sequence ofétale sheaves on T . Indeed, if σ : S → X is a section of f , then σ T : T → X T is a section of f T and (f T ) * (σ ♭ T ) is a retraction of f ♭ T (2.10) which splits (2.12). Consequently, for every integer r ≥ 0 and everyétale morphism T → S, (2.12) induces a split exact sequence of abelian groups
In particular, setting r = 0 above, we obtain a canonical isomorphism of abelian groups
If f does not have a section but is schematically dominant and Pic T = 0 (e.g., T = Spec k, where k is a field), then the preceding formula also holds by the exactness of (2.13).
We now return to our general discussion.
Let S be a scheme, A an abelian category, C a full subcategory of (Sch/S ) which is stable under products and contains 1 S , and F : C → A a contravariant functor. If f : X → S and g : Y → S are objects of C , we will write F (f ) = F (X) and
be the first and second projection morphisms in A . The canonical S-morphisms
which is natural in X → S and Y → S. Now assume that Y = G is a group in C , both X → S and G → S are flat and locally of finite presentation and X → S is equipped with a right action
is an isomorphism and define maps π X :
is exact and commutative. We conclude that
be the composition
where ς is the map (2.18). Further, set
The following lemma generalizes [San81, Lemma 6.4].
Lemma 2.7. Let S be a scheme, A an abelian category, C a full subcategory of (Sch/S) which is stable under products and contains 1 S and F : C → A a contravariant functor. Let X and G be objects of C which are flat and locally of finite presentation over S, where G is a group, and assume that X is a torsor under G over S, i.e., the map (2.22) is an isomorphism. Assume, furthermore, that the map ψ X, G (2.17) is an isomorphism, so that the map ϕ X, G (2.21) is defined. If
Proof. Let ε : S → G be the unit section of G. By functoriality, the following diagram commutes
Now, by (i), the above diagram can be identified with a commutative triangle
where ς is the given right action (2.18). Now let δ :
Then there exists a canonical exact and commutative diagram
where ∆ : X → X × S X is the diagonal morphism. Since the middle vertical map in the above diagram is an isomorphism by (ii) and the top row is a split exact sequence, the bottom row is a split exact sequence as well. Now consider the diagram with split exact rows
where ρ is the map (2.22) and the bottom row is the sequence (2.20) (recall that F (ε X ) = π X (2.23)). Since ρ is an isomorphism by hypothesis, the middle vertical map in the above diagram is an isomorphism as well. Further, since ρ • ε X = ∆, the right-hand square in (2.25) commutes. Thus, to complete the proof, it suffices to check that the left-hand square in (2.25) commutes. Let p 1 and p 2 denote (respectively) the first and second projections X × S X → X. Then, by (2.17),
Thus, by (2.19) and (2.24),
Thus the right-hand square in diagram (2.25) commutes, as required.
Anétale quasi-section of a morphism f : X → S is anétale and surjective morphism α : T → S such that there exists an S-morphism h : T → X, i.e., f • h = α. In this case, the induced morphism (h, 1
By [EGA, IV 4 , Corollary 17.16.3(ii) ], every smooth and surjective morphism X → S has anétale quasi-section.
Definition 2.8. Let f : X → S be a morphism of schemes which has a finiteétale quasi-section of constant degree. Then theétale index I(f ) of f is the greatest common divisor of the degrees of all finiteétale quasi-sections of f of constant degree.
is also defined and divides I(f ). In particular, for every maximal point η of S, theétale (i.e., separable) index of f η :
anétale quasi-section of f and g with associated S-morphisms p X • h : T → X and p Y • h : T → Y , respectively. It follows that, if I(f × S g) is defined, then I (f ) and I (g) are both defined and they divide I(f × S g). Consequently (2.26)
for every maximal point η of S. Note also that the degree of a finiteétale quasi-section α : T → S of f : X → S is constant over each connected component of S. Thus, if S is connected, then the degree of α is constant. Henceforth, the statement f has a finiteétale quasi-section of constant degree will be abbreviated to theétale index of f is defined (or, simply, to I(f ) is defined ). Note that the statement I(f ) is defined and is equal to 1, which appears often below, clearly holds if f has a section.
Remark 2.9. The requirement that f : X → S have a finiteétale quasi-section of constant degree holds in one important case of interest: let S be a non-empty open affine subscheme of a proper, smooth and geometrically connected curve over a finite field. If f : X → S is a smooth and surjective morphism with geometrically irreducible generic fiber, then f has a finiteétale quasi-section of constant degree (since S is connected), i.e., I(f ) is defined. See [Tam, Theorem (0.1) ].
Theétale cohomology of the multiplicative group
In this Section we relate theétale cohomology of G m, X× S Y to theétale cohomology of G m, X and G m, Y for arbitrary S-schemes X and Y .
Let f : X → S be a morphism of schemes. Recall that the (étale) relative Picard functor of X over S is theétale sheaf Pic X/S on S associated to the presheaf (Sch/S) → Ab, (T → S) → Pic X T . We have
See [Klei, §2] and/or [BLR, §8.1] for basic information on Pic X/S . We will write Br ′ X = H 2 (Xé t , G m,X ) for the full cohomological Brauer group of X (its torsion subgroup H 2 (Xé t , G m,X ) tors is often also called the cohomological Brauer group of X, but the latter group will play no role in this paper). The Cartan-Leray spectral sequence associated to f
On the other hand, there exists a canonical pullback map
defined as the composition
where f ♭ is the map (2.7). Note that
Further, by Lemma 2.1 applied to the pair of maps (3.3), for every integer r ≥ 0 there exists a canonical exact sequence of abelian groups
→ S are morphisms of schemes, then it is not difficult to check that
When r = 1 (respectively, r = 2), (3.2) will be identified with (respectively, denoted by) the canonical map Picf : Pic S → Pic X (respectively, Br
More generally, for every integer r ≥ 0 we define a contravariant functor (3.8) Ker 
Thus, for r = 1 and r = 2, we obtain functors
and (3.10)
We will also consider the functor
We will use the standard notation for Coker
(1)
See, e.g., [Wei] and [Isch, Definition 3.15] . Thus, (3.11) for r = 1 is a functor
Now, by [Mi1, p. 309, line 8] , the Cartan-Leray spectral sequence (3.1) induces an exact sequence of abelian groups
Thus e 1 f induces an isomorphism of abelian groups
which identifies H 1 (Sé t , f * G m,X ) with a subgroup of Pic X. Further, by (3.5) and the injectivity of e 1 f , there exists a canonical isomorphism of abelian groups
Remarks 3.1.
(a) Let f : X → S be a morphism of schemes, α : T → S a finite,étale and surjective morphism of constant degree d and r ≥ 0 an integer. By (2.5) and [SGA 4, IX, §5.1], α induces restriction and corestriction (or trace) homomorphisms res :
is the multiplication by d map. Consider the following commutative diagram of abelian groups with exact rows (3.17)
where the maps appearing on the outer columns are induced by those appearing on the inner columns using the commutativity of the top and bottom inner squares. As noted above, the second vertical composition is the multiplication by d map. Now, since X T → X is a finite,étale and surjective morphism of constant degree d, the third vertical composition is also the multiplication by d map. We conclude that the compositions Kerf S (3.11) (in particular, NPic(−/S) (3.13)), then F (S) = F (1 S ) = 0, i.e., F satisfies condition (i) of Lemma 2.7. This also holds for F = Ker S (3.8) (in particular, for KerPic S (3.9) and Br(−/S) (3.10)). In fact, Ker (r) S (f ) = 0 for every morphism f : X → S that has a section, as the following (well-known) remark shows. (c) If f : X → S has a section σ : S → X, then the induced homomorphism be the morphism ofétale sheaves on S defined by ∇(T )(c) = (c, c −1 ), where T is ań etale S-scheme and c ∈ G m,S (T ) . For every r ≥ 0, (3.18) induces a homomorphism of abelian groups
Let f : X → S and g : Y → S be morphisms of schemes. For every integer r ≥ 0, the canonical projections
. In particular, we obtain canonical maps
If S is the spectrum of a field, the map (3.21) (respectively, (3.22)) was discussed previously by Jaffe [Jaf] and Conrad [Con] (respectively, Ischebeck [Isch] and Sansuc [San81] ). Now, since
(3.6) shows that the following diagram commutes:
where the left-hand vertical map is the (surjective) homomorphism (a, b) → ab, the right-hand vertical map is the map (3.20) and the diagonal map above
is the common composition p
The kernel of the map (·) in the above diagram can be identified with H r (Sé t , G m,S ) via the map ∇ r (3.19). Consequently, the left-hand vertical map in (3.24) induces a map (also denoted (·))
so that the sequence
is exact, where the first nontrivial map is induced by (3.19). In particular, there exist canonical multiplication maps
Note also that, by the commutativity of diagram (3.24), the right-hand vertical map in (3.24) induces a map
In particular, there exists a canonical map
, where NPic(−/S) is the functor (3.13).
Proposition 3.2. Let f : X → S and g : Y → S be morphisms of schemes such that I(f × S g) is defined and is equal to 1. Then, for every integer r ≥ 0, the canonical multiplication map (3.26)
is an isomorphism, i.e.,
(see (3.27)). In particular, there exist canonical isomorphisms
Proof. If T → S is a finite,étale and surjective morphism of constant degree d, then, by Remark 3.1(a), the vertical compositions in the following diagram are the multiplication by d maps:
/ / (res,res)
T = 0 by Remark 3.1(c). It follows from the above diagram that the kernel and cokernel of (3.32) are annihilated by d. Since I(f × S g) = 1, the proposition follows.
Next we apply Lemma 2.1 to the pair of maps
whose composition is θ r XY (3.25). We obtain a canonical isomorphism (3.33)
Coker θ
and a canonical exact sequence
where the first map is (induced by) the map (3.19). Now we apply Lemma 2.1 to the pair of maps
whose composition is also θ r XY (3.25), and obtain an exact sequence
where the first (respectively, second) map is that appearing in (3.35) (respectively, (3.33)). Thus we obtain from (3.35) a canonical exact sequence 
(3.30) are canonically isomorphic. In particular, the cokernels of the maps
(3.31) are canonically isomorphic.
In order to obtain information on Ker p r XY , we proceed as follows. Consider the exact and commutative diagram
where the row (respectively, column) is the sequence (3.36) (respectively, (3.34)) and
. Applying Lemma 2.1 to the top triangle in (3.37) and using the remaining parts of that diagram, we obtain an exact sequence
Thus, by the exactness of (3.27), there exist a canonical isomorphism
(this is also evident from the definition of β r (3.38)) and a canonical exact sequence
Thus the following holds.
Proposition 3.4. Let f : X → S and g : Y → S be morphisms of schemes and let β r be the map (3.38) associated to f and g. Then, for every integer r ≥ 0, there exists a canonical complex of abelian groups Corollary 3.5. Let f : X → S and g : Y → S be morphisms of schemes such that I(f × S g) is defined and is equal to 1. Then, for every integer r ≥ 0, there exists a canonical exact sequence of abelian groups
r is the map (3.38) and the second nontrivial map is the canonical projection.
Proof. This is immediate from the proposition using Proposition 3.2.
Corollary 3.6. Let f : X → S and g : Y → S be morphisms of schemes such that I(f × S g) is defined and is equal to 1. Assume, furthermore, that the canonical map NPic(X/S) ⊕ NPic(Y /S) → NPic(X× S Y /S) (3.31) is injective. Then there exists a canonical exact sequence of abelian groups
Proof. Since p 1 XY (3.31) is injective by hypothesis, the previous corollary shows that the map
is an isomorphism, where p 1 XY is the map (3.22). The corollary follows.
The group of units of a product
The key to describing the kernel and cokernel of the map (3.21) is the generalized Rosenlicht additivity theorem of Corollary 4.3 below. Recall that Rosenlicht's classical additivity theorem is the following statement: if k is a field and X and Y are geometrically integral k-schemes of finite type, then the canonical homomorphism of abelian groups
is an isomorphism, where U k (−) is the functor (2.16) (see [Ros, Theorem 2] ). The preceding statement has been generalized by Conrad [Con] to the class of geometrically connected and geometrically reduced k-schemes locally of finite type. In this Section we extend Conrad's theorem to a relative setting, where the base S = Spec k is replaced by an arbitrary reduced scheme. As in the case of a base field [Con] , the key result is Theorem 4.2 below.
Let f : X → S and g : Y → S be morphisms of schemes and define a morphism ofétale sheaves on S
as follows: via the isomorphisms (2.1), an element (v, w) ∈ G m,S (X )⊕G m,S (Y ) may be regarded as a pair of S-morphisms v : X → G m, S and w : Y → G m, S . Then ϑ(S) is defined by mapping (v, w) to the element of G m, S (X × S Y ) which corresponds to the S-morphism
For every integer r ≥ 0 we will make the identification
be the map H r (Sé t , ϑ), i.e.,
. By (3.6) and (3.23), the following holds: for every c ∈ G m,S (S) and (v, w) ∈ G m,S (X ) ⊕ G m,S (Y ), we have
Remark 4.1. Since, in general, the equality H r (Sé t , f * G m,X ) = H r (Xé t , G m,X ) holds only for r = 0, the developments of this Section do not lead to an additivity theorem for the Picard group of X × S Y . They do, however, yield one for its subgroup (3.15). See Corollary 4.6 below.
Now recall theétale sheaves U X/S , U Y /S and U X× S Y /S (2.11).
Theorem 4.2. Let S be a reduced scheme and let f : X → S and g : Y → S be faithfully flat morphisms locally of finite presentation. Assume that (i) the maximal geometric fibers of f and g are reduced and connected and (ii) f × S g : X × S Y → S has a section. Then, for everyétale morphism T → S, the canonical homomorphism of abelian groups
is an isomorphism.
Proof. We begin by observing that, since S is reduced and T → S isétale, T is reduced as well by [EGA, IV 4 , Proposition 17.5.7] . On the other hand, Lemma 2.2 shows that f T and g T satisfy the remaining conditions of the theorem (over T ). Thus, by Lemma 2.5, we may henceforth assume that T = S. Now let ρ : S → X× S Y denote the given section of f × S g. Then σ = p X • ρ : S → X and τ = p Y •ρ : S → Y are sections of f and g, respectively. Consequently, the sequence ofétale sheaves on S
is split exact if h : Z → S is any one of f, g or f × S g. Thus there exists a canonical commutative diagram whose rows are split exact sequences of abelian groups
where the left-hand vertical arrow is the multiplication map and U S : (Sch/S ) → Ab is the functor (2.14).
We first establish the injectivity of the right-hand vertical map in diagram (4.6). Let v : X → G m, S and w : Y → G m, S be S-morphisms such that the S-morphism
for some S-morphism c : S → G m,S (see (2.8) and (3.4)). Since σ Y is a section of p Y , we have
Composing both sides of the identity (4.7) with σ Y from the right and using the preceding formulas, we obtain
. A similar argument, using the section τ X : X → X × S Y of p X in place of σ Y , shows that v ∈ Imf (0) . We now prove the surjectivity of the right-hand vertical map in diagram (4.6). It suffices to show that the map ϑ 0 in (4.6) is surjective. The proof combines the surjectivity of this map over a field, i.e., [Con, Theorem 1.1] , and a density argument of Raynaud [Ray, proof of Corollary VII 1.2, p. 103] . Let u : X × S Y → G m, S be an S-morphism, i.e., an element of G m, S (X × S Y ), and consider the following Smorphisms X × S Y → G m, S : factors through the unit section ε of G m, S . Let ε(S) denote the closed subscheme of G m, S determined by ε, let W = u −1 (ε(S)) be the corresponding closed subscheme of X × S Y [EGA I new , §4.3, p. 263] and write M for the set of maximal points of S. For every η ∈ M, set k = k(η) and let (x 0 , y 0 ) ∈ X(k) × Y (k) correspond to ρ η : η → (X × S Y ) η . By hypothesis (i), [Con, Theorem 1.1] holds, i.e., the sequence (1.2) is exact. Thus every unit u(x, y) on X × k Y has the form u X (x)u Y (y) for some units u X and u Y on X and Y , respectively. Consequently, u(
(the preceding argument is due to Conrad [Con, beginning of §2] ). The units u(x 0 , y 0 ), u(x, y 0 ) and u(x 0 , y) are instances of the units u 00 , u 10 and u 01 (respectively) when S = Spec k. It follows that the η -morphism u η : (X × S Y ) η → G m, η (4.8) factors through the unit section ε η of G m, η for every η ∈ M. We conclude that W majorizes the maximal fibers (X × S Y ) η of f × S g . On the other hand, since S is reduced, the family of canonical morphisms {η → S} is schematically dominant [EGA, IV 3 Proof. By [SGA3 new , IV, Corollary 4.5.8] and Lemma 2.5, we may replace S, f and g by T, f T and g T (respectively) for an appropriateétale and surjective morphism T → S. Now, since f × S g : X × S Y → S has anétale quasi-section, there exists a morphism T → S as above such that T, f T and g T satisfy all the hypotheses of the theorem. The corollary follows.
We will now develop a number of consequences of the preceding corollary. Under the hypotheses of Corollary 4.3, the following holds. There exists an exact and commutative diagram of abelian sheaves on Sé t :
where the middle vertical morphism is the map (4.1). The kernel of (·) can be identified with G m,S via the morphism ∇ (3.18). Thus the diagram yields an exact sequence ofétale sheaves on S
Note that, for every integer r ≥ 0, the map
is given explicitly by
When r = 0, we have
for every c ∈ G m,S (S) (see (3.4)). Note also that δ 0 = β 0 (3.38) but that, in general, β r = δ r for r > 0 (see Remark 4.1).
Corollary 4.4. Let S be a reduced scheme and let f : X → S and g : Y → S be faithfully flat morphisms locally of finite presentation with reduced and connected maximal geometric fibers. Assume that (i) f has anétale quasi-section and (ii) g has a section σ : S → Y .
Then σ induces an isomorphism ofétale sheaves on S
Further, (4.10) is a split exact sequence of abelian sheaves on Sé t .
Proof. Let α : T → S be anétale quasi-section of f , i.e., α isétale and surjective and there exists a morphism h :
Thus the conditions of Corollary 4.3 are satisfied, whence diagram (4.9) is exact and commutative and the sequence (4.10) is exact. Now σ defines a retraction of
The injectivity of ϑ ′ follows from diagram (4.9). Its surjectivity follows from the surjectivity of ϑ, (4.5) and the formula g * G m,Y = Img ♭ · Imτ . Finally, the map
Y is a section of ϑ which splits (4.10).
Assume again that the hypotheses of Corollary 4.3 hold, so that (4.10) is an exact sequence ofétale sheaves on S. Then (4.10) induces an exact sequence of abelian groups
where, for every r ≥ 0, the maps δ r and ϑ r are given by (4.11) and (4.3), respectively. Consequently, for every integer r ≥ 0, there exists a canonical exact sequence of abelian groups (4.13) 0 → KerH
where the intersections take place inside H r (Sé t , G m,S ) and H r+1 (Sé t , G m,S ), respectively. Note that, by (3.16),
Thus, setting r = 0 in (4.13), we obtain the following statement, which solves the problem of describing the kernel and cokernel of the map (3.21) under the hypotheses stated below:
Corollary 4.5. Let S be a reduced scheme and let f : X → S and g : Y → S be faithfully flat morphisms locally of finite presentation with reduced and connected maximal geometric fibers. If f × S g : X × S Y → S has anétale quasi-section, then (4.10) induces an exact sequence of abelian groups
where the intersection takes place inside Pic S and the maps δ 0 and ϑ 0 are given by (4.12) and (4.4), respectively.
If r ≥ 0 is arbitrary, the following holds.
Corollary 4.6. Let S be a reduced scheme and let f : X → S and g : Y → S be faithfully flat morphisms locally of finite presentation with reduced and connected maximal geometric fibers. Assume that one of theétale indices I(f ) or I(g) is defined and is equal to 1, or both are defined and gcd(I(f ), I(g)) = 1. Then, for every integer r ≥ 0, there exists a canonical exact sequence of abelian groups
where the maps δ r and ϑ r are given by (4.11) and (4.3), respectively. In particular, there exists a canonical exact sequence of abelian groups
where the groups
can be identified with subgroups of Pic X, Pic Y and Pic (X× S Y ), respectively (3.15). If either f or g has a section, then both sequences above are split exact.
Proof. Recall the exact sequence (4.13) and note that, for every r ≥ 0, (3.5) yields
where the intersections take place inside H r (Sé t , G m,S ). Under either of the hypotheses on theétale indices of f and g, Kerf (r) ∩ Kerg (r) vanishes for every r ≥ 0 by Remark 3.1(d). The first assertion of the corollary now follows from the exactness of (4.13). Further, if either f or g has a section then, by Corollary 4.4, the sequence ofétale sheaves (4.10) is split exact. The last assertion of the corollary is then clear.
Remarks 4.7. Let k be a field and let X and Y be k-schemes.
(a) If the separable indices of X and Y (2.6) are defined and are coprime, then the corollary shows that, for every integer r ≥ 0, there exists a canonical exact sequence of Galois cohomology groups
In particular, by Hilbert's theorem 90, the canonical map
is an isomorphism. Further, if either X(k) = ∅ or Y (k) = ∅, then the above sequence is split exact. (b) In general, by Hilbert's Theorem 90 and the exactness of (4.13) for S = Spec k and r = 1, the canonical map
is injective.
We conclude this Section with an additional application of Corollary 4.3, namely Proposition 4.9 below.
If S is a scheme and G is an S-group scheme, theétale sheaf of characters of G is theétale sheaf G * on S defined thus: if T → S is anétale morphism, then
Lemma 4.8. Let S be a reduced scheme and let G be a flat S-group scheme locally of finite presentation with smooth and connected maximal fibers. Then there exists a canonical isomorphism ofétale sheaves on S U G/S = G * .
Proof. Let T → S be anyétale morphism. By Lemma 2.5 and the equality G *
, for the purpose of defining a canonical isomorphism of groups U G/S (T )
we may assume that T = S. Let f : G → S be the structure morphism of G and let ε : S → G be its unit section. For every S-morphism v : [Ray, VII, Corollary 1.2, p. 103] . Thus we obtain a map (f * G m, G )(S) → G * (S), v → v, whose kernel is easily seen to be equal to the image of f (0) : G m, S (S) → (f * G m, G )(S). Since χ = χ for every S-homomorphism χ : G → G m,S , i.e., χ ∈ G * (S), the indicated map is also surjective, whence the lemma follows.
Proposition 4.9. Let S be a reduced scheme, G a flat S-group scheme locally of finite presentation with smooth and connected maximal fibers and f : X → S a torsor under G over S. If f has anétale quasi-section, then there exists a canonical isomorphism ofétale sheaves on S U X/S = G * .
Proof. Let g : G → S be the structural morphism of G and ε : S → G its unit section. If α : T → S is anétale quasi-section of f and h : T → X is the corresponding S-morphism, then (h, ε • α) S : T → X × S G and (h, h) S : T → X × S X are Smorphisms, whence α is also a quasi-section of both f × S g and f × S f . Further, the S-isomorphism (2.22) induces an isomorphism of X T -schemes ρ T :
It now follows from Lemma 2.2 that the pairs of morphisms (f, g ) and (f, f ) satisfy all the conditions of Corollary 4.3. Therefore the canonical morphisms U X/S ⊕U G/S → U X× S G/S and U X/S ⊕U X/S → U X× S X/S are isomorphisms ofétale sheaves on S. The proposition now follows by combining Lemmas 4.8 and 2.7.
The Picard group of a product
In this Section we establish, under certain conditions, an additivity theorem for the Picard group of a product of schemes over a normal base. See Theorem 5.13. All schemes below are assumed to be locally noetherian.
We begin with Proposition 5.1. Let X and Y be schemes over a field k with separable closure k
Proof. This can be proved using the Galois descent argument given in [CTS77, proof of Lemma 11, using Remark 4.7(b).
If f : X → S is a morphism of schemes and η is a maximal point of S, we will write j η : X η → X for the base extension along f of the canonical embedding η → S. There exists a canonical homomorphism of abelian groups
where the product runs over the set of maximal points η of S. The following statement is due to Raynaud.
Proposition 5.2. Let f : X → S be a faithfully flat morphism of locally noetherian schemes which is either quasi-compact or locally of finite type. Assume that S is normal and that, for every point s of S of codimension 1, the fiber X s is integral. Then the canonical sequence of abelian groups
Proof. See [EGA, Err IV , 53, Corollary 21.4.13, p. 361] .
Recall that a (locally noetherian) scheme X is called locally factorial if, for every x ∈ X, the local ring O X,x is factorial. The following implications hold for locally noetherian schemes: regular =⇒ locally factorial =⇒ normal.
Corollary 5.3. Let the notation and hypotheses be those of the proposition. Then the map (5.1) induces an injection NPic(X/S) ֒→ Pic X η , where NPic(X/S) is the group (3.12). If, in addition, X is locally factorial, then the preceding map is an isomorphism, i.e., NPic(X/S)
Proof. This is immediate from the proposition except for the last assertion, i.e., the surjectivity of the map (5.1) when X is locally factorial. If {S α } is the family of irreducible components of S, then (5.1) is the product of the maps Pic(X × S S α ) → Pic X η(α) , where η(α) denotes the generic point of S α . Thus we may assume that S is irreducible with generic point η. By [EGA, IV 4 , Corollary 21.6.10(ii)], the map Pic X → Pic X η can be identified with the map of divisor class groups Cl X → Cl X η . Thus it suffices to check that every closed and irreducible subscheme D η of codimension 1 in X η extends to a closed and irreducible subscheme D of codimension 1 in X. Since η → S is quasi-compact, the canonical morphism D η → X is quasicompact as well and the schematic closure D of D η in X is defined [EGA I new , Corollary 6.10.6, p. 325] . Since D is closed and irreducible of codimension 1 in X, the proof is complete.
Proposition 5.4. Let S be a locally noetherian normal scheme and let f : X → S and g : Y → S be faithfully flat morphisms locally of finite type. Assume that, for every point s ∈ S of codimension ≤ 1, the fibers X s and Y s are geometrically integral. Then the canonical map 
Proof. There exists a canonical commutative diagram of abelian groups
, where the products run over the set of maximal points η of S, the top row is exact by Corollary 5.3 and the right-hand vertical map is injective by Proposition 5.1. If s ∈ S is a point of codimension 1, then Corollary 5.5. Let S be a locally noetherian normal scheme and let f : X → S and g : Y → S be faithfully flat morphisms locally of finite type. Assume that, for every point s ∈ S of codimension ≤ 1, the fibers X s and Y s are geometrically integral. Assume, furthermore, that I(f × S g) is defined and is equal to 1. Then there exists a canonical exact sequence of abelian groups
where the maps β 1 and p 1 XY are given by (3.38) and (3.20), respectively. Proof. This follows by combining the proposition and Corollary 3.6.
The following statement generalizes a theorem of Ischebeck [Isch, Theorem 1.7] , who obtained the conclusion below when the field k is algebraically closed.
Theorem 5.6. Let k be a field and let X and Y be normal and geometrically integral k-schemes locally of finite type. Then there exists a canonical exact sequence of abelian groups
where k(X) and k(Y ) are the function fields of X and Y , respectively.
Proof. By Proposition 5.1, we need only check exactness at Pic(X× k Y ). Since Y k(x) is integral for every point x ∈ X of codimension 1, Proposition 5.2 yields an exact sequence of abelian groups
On the other hand, since k(X)/k is separable and primary [EGA, IV 2 , Corollary 4.6.3], k(X) ⊗ k k(y) is integral for every point y ∈ Y of codimension 1 [EGA, IV 2 , Propositions 4.3.2 and 4.3.5]. Thus Proposition 5.2 yields an exact sequence of abelian groups
The exactness of the sequence of the theorem at Pic(X × k Y ) now follows as in [Isch, proof of Theorem 1.7, p. 144] , i.e., by considering the exact and commutative diagram of abelian groups
whose row (respectively, colummn) is the first (respectively, second) exact sequence above.
Recall that, if k ′ /k is a field extension, a geometrically integral k-scheme X is called k ′ -rational if the function field of X × k Spec k ′ is a purely transcendental extension of k ′ . The following corollary of the theorem generalizes [CTS77, Lemma 11, p. 188] (mainly by replacing the smoothness hypothesis in [loc.cit.] by a normality hypothesis).
Corollary 5.7. Let k be a field and let X and Y be normal and geometrically integral k-schemes locally of finite type. Assume that either X or Y is k-rational. Then the canonical map
Proof. The rationality hypothesis implies that k(X)⊗ k k(Y ) is a ring of fractions of a polynomial ring over a field. Thus, by [Bou, VII, §3, 4 and 5] Proposition 5.8. Let k be a field with separable closure k s and corresponding absolute Galois group Γ = Gal(k s /k) and let X and Y be geometrically connected and geometrically reduced k-schemes locally of finite type. Assume that
Γ is an isomorphism, and
Proof. By Proposition 5.1, the indicated map is injective. Now, if Y (k) = ∅, then the proof of [San81, Lemma 6.6, p. 40] (which relies on Corollary 4.4 for S = Spec k) shows that the canonical map
is injective. When Y (k) = ∅, a restriction-corestriction argument similar to that used in the proof of Proposition 3.2 shows that the kernel of the preceding map is annihilated by I(Y ). Interchanging X and Y , we conclude that the kernel of (5.2) is annihilated by gcd(I(X ), I(Y )), whence the proposition follows.
Examples 5.9. If X and Y are arbitrary k-schemes such that
where the indicated map is a connecting homomorphism in Galois cohomology. Thus hypothesis (i) of the proposition holds if (Pic( The following is an immediate consequence of the proposition.
Corollary 5.11. Let k be a field and let A and B be abelian varieties over k such that Hom k (A, B) = 0. Then Pic(A × k B) = Pic A ⊕ Pic B.
Proof. (Of Proposition 5.10) By [SZ, Proposition 1.7] , Galois descent of morphisms of schemes [GAd, §4] and [Mi2, Theorem 12.5, p. 123] , there exists a canonical isomorphism of free abelian groups of finite Z -rank ≤ 4 (dim A) (dim B) 
whose kernel is annihilated by gcd(I(X ), I(Y )). The second arrow in (5.5) is the composition of the inverse of (5.4) and a connecting homomorphism in Galois cohomology. Note that, since H 1 (k, Pic X s ) ⊕ H 1 (k, Pic Y s ) is a torsion abelian group, the right-hand group in (5.5) is free of the same Z -rank as Hom k (B ∨ , A). We will now show that (5.5) is injective if Br k = 0, which will complete the proof. Since k s [X ] = k s by [Klei, Exercise 3.11, pp. 25 and 64] , [San81, Lemma 6.3(i) ] yields a canonical exact and commutative diagram of abelian groups
where the first two vertical maps are injective by Proposition 5.1 and the third vertical arrow is the multiplication map. Note that the kernel of the latter map is canonically isomorphic to Br k. The diagram shows that the kernel of (5.2), which is the same as the kernel of (5.5), is canonically isomorphic to a subgroup of Br k, which completes the proof. [Zar1, p. 14] the following example. For every integer n ≥ 3, let C n denote the (smooth projective) hyperelliptic curve over Q with affine model y 2 = x n − x − 1 and let J(C n ) denote the Jacobian variety of C n . If n ≥ 3, m ≥ 5 and n = m, then Hom Q (J(C n ), J(C m )) = 0. Thus if, in addition, either n or m is even (so that either C n (Q) = ∅ or C m (Q) = ∅), then Proposition 5.10 shows that Pic(C n × Q C m ) = Pic C n ⊕ Pic C m . Theorem 5.13. Let S be a locally noetherian normal scheme and let f : X → S and g : Y → S be faithfully flat morphisms locally of finite type. Assume that (i) X, Y and X × S Y are locally factorial, (ii) for every point s ∈ S of codimension ≤ 1, the fibers X s and Y s are geometrically integral and (iii) theétale index I(f × S g) is defined and is equal to 1. Then there exists a canonical exact sequence of abelian groups
where the maps β 1 and p 1 XY are given by (3.38) and (3.20), respectively, and the product runs over the set of maximal points η of S.
Proof. By Corollary 5.5 the indicated sequence is exact at the first two nontrivial terms and by Proposition 3.3 the cokernel of the canonical map Pic X ⊕ Pic Y → Pic(X × S Y ) is naturally isomorphic to NPic(X × S Y /S)/NPic(X/S) ⊕ NPic(Y /S). Now Proposition 5.4 completes the proof.
Corollary 5.14. Let the notation and hypotheses be as in the theorem. Assume, in addition, that Pic(X
for every maximal point η of S. Then there exists a canonical exact sequence of abelian groups
Proof. This follows from the theorem and Proposition 5.8 noting that, by (2.26), hypothesis (iii) of the theorem implies hypothesis (ii) of Proposition 5.8.
